ON POINCARE SERIES OF UNICRITICAL POLYNOMIALS 
AT THE CRITICAL POINT 



JUAN RIVERA-LETELIERt AND WEIXIAO SHEN* 

Abstract. In this paper, we show that for a unicritical polynomial hav- 
ing a priori bounds, the unique conformal measure of minimal exponent 
has no atom at the critical point. For a conformal measure of higher 
exponent, we give a necessary and sufficient condition for the critical 
point to be an atom, in terms of the growth rate of the derivatives at 
the critical value. 



1. Introduction 

Let / : C ^ C be a polynomial of degree at least 2, and let J(/) denote 
its Julia set. An important tool to study the fractal dimensions of the Julia 
set is the Patterson-Sullivan conformal measures. Given t > 0, a conformal 
measure of exponent t for / is a Borel probability measure fi supported 
on J(/), such that for each Borel set E on which / is injective we have 

fi{f{E)) = [ \Df\' diji. 

JE 

Sullivan showed that for every polynomial there is i > and a conformal 
measure of / of exponent t, see |Sul83j . Moreover, Denker, Przytycki, and 
Urbahski showed that the minimal exponent for which such a measure exists 
coincides with the hyperbolic dimension of f, defined by 

HDhyp(/) := {HD(X) : X hyperbolic set of f}, 

where HD(X) denotes the Hausdorff dimension oi X, see [DU9HlPrz93j . and 
also [McMOOl IPUlOl IUrb03] . In the uniformly hyperbolic case, there is a 
unique conformal measure of minimal exponent, and this measure coincides 
with the normalized Hausdorff measure of dimension equal to IID(J(/)). 
Under certain non- uniformly hyperbolicity assumptions, it has also been 
proved that there is a unique conformal measure of minimal exponent, and 
that this measure is supported on the "conical Julia set", which roughly 
speaking is the expanding part of the Julia set, see for example |Prz99|, 
[GSMl IPRLOTl lELSini IUrbn3j and references therein. In these cases, the 
conformal measure of minimal exponent is used to prove that the hyperbolic 
dimension coincides with the Hausdorff and the box dimensions of the Julia 
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set. However, there are conformal measures of minimal exponent that are 
not supported on the conical Julia set, see |Urb03j . 

In this paper, we shall study atoms of conformal measures of polynomials 
having precisely 1 critical point; we call such a polynomial unicritical. Note 
that if / is a unicritical polynomial, then its degree d is at least 2, and 
there is c in C such that / is affine conjugate to the polynomial z'^ + c. A 
unicritical polynomial written in this form is normalized. We shall make the 
following assumption. 

Definition 1. Let / be a unicritical polynomial whose critical point is non- 
periodic and recurrent. Assume for simplicity that / is normalized, so its 
critical point is 0. Then we say / has a priori bounds, if there exists r > 
such that for each e > there exists a topological disk V containing 0, 
satisfying diam(y) < e, and such that the following holds: For each inte- 
ger n > 1 such that /"(O) is in V, the connected component U of f~'^{V) 
that contains satisfies U CV, and there is annulus A contained in V \ U, 
enclosing U, and whose modulus is at least r. 

Examples of unicritical polynomials having a priori bounds include at 
most finitely renormalizable polynomials without neutral cycles |Hub931 
IKL091 IKvS09| . all real polynomials |LvS98[ IL^SOO] , and some infinitely 
renormalizable complex polynomials [KL081 Lyu97| . Recall that for an in- 



teger s > 1, a unicritical polynomial / of degree d > 2 is renormalizable of 
period s, if there are Jordan disks U and V such that U is contained in V, 
and such that the following properties hold: 

• f :U is d-to-l; 

• U contains the critical point of /, and for each j in {1, . . . , s — 1} 
the set f^{U) does not contain it; 

• The set {z G U : f^'^[z) G ?7, n = 0, 1, . . .} is a connected proper 
subset of J(/). 

Moreover, / is infinitely renormalizable, if there are infinitely many integers s 
such that / is renormalizable of period s. 

In the statement of the following theorem we use the fact that for a 
unicritical polynomial / having a priori bounds there is a unique conformal 
measure of exponent t = HDhyp(/) for /, see |Pra981 Theorem 1]. 

Theorem A. Let f be a unicritical polynomial having a priori bounds. Then 
the conformal measure fi of minimal exponent of f does not have an atom 
at the critical point of f. 

We remark that in this result, it is essential that we consider the conformal 
measure of minimal exponent, as opposed to a conformal measure of higher 
exponent. In fact, every unicritical map / that is not uniformly hyperbolic 
has, for each t > HDhyp(/), a conformal measure of exponent t, see |GS09] 
for the case / satisfies the Collet-Eckmann condition, and [PRLS031 IPRLS04] 
for the case / does not. In many cases, even if / has a priori bounds, for 
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each t > HDhyp(/) there is conformal measure of exponent t that is sup- 
ported on the backward orbit of the critical point. 

The existence of an atom at a point w for a conformal measure of / of 
exponent t, is closely related to convergence of the following series: 

oo 

n=0 z£f-"{w) 

it is the Poincare series at w of exponent t. In fact: 

• If a conformal measure of exponent t has an atom at w, then V{w,t) < 
oo; 

• A conformal measure of exponent t has an atom at the critical 
point Co if and only if V{cQ,t) < oo. 

Theorem B. Let f be a unicritical polynomial having a priori bounds. As- 
sume f is normalized so its critical point is 0. Then for each t > IIDhyp(/), 
the series 7^(0, t) is finite, if and only ifYl'^=o l^/"(/(0))l~*'''^ finite. 

1.1. Strategy and organization. We derive Theorem lAl from Theorem iBl 
arguing by contradiction: If the conformal measure of minimal exponent had 
an atom at the critical point, by Theorem iBl the derivatives at the critical 
value would grow to infinity. Together with the a priori bounds hypothesis, 
this implies that the map is "backward contracting" (Theorem [T|) , so the 
results of [RLSIO] apply to this map; in particular, the Poincare series at 
the critical point diverges. This contradicts the existence of an atom at 
the critical point. In ^ we fix some notation and terminology and recall 
the definition of backward contracting maps. We deduce Theorem |A] from 
Theorem |B] in f|3l after proving Theorem [TJ 

To prove Theorem [Bl we show that in either case the map is backward 
contracting (part 1 of Theorem [T|) . This allows us to use the characteri- 
zation for backward contracting maps of the summability condition given 
in [LSll] . We recall this result in ^ as part 2 of Theorem [TJ To prove 
the direct implication in Theorem iBj we divide the integral of the backward 
contraction function, characterizing the summability condition, into inter- 
vals bounded by consecutive close return scales. Then we show that each of 
these integrals is bounded by one of the terms in the Poincare series up to 
a multiplicative constant (Lemma [5]) . This is done in ^ The proof of the 
reverse implication in Theorem iBl occupies ^and is more involved. We use 
a discretized sequence of scales to code each iterated preimage of the critical 
point. To do this, we consider the largest scale whose pull-back is conformal, 
and consider the "critical hits" when pulling back the previous scale, as a 
code. One of the crucial estimates is the contribution in the Poincare series 
of those iterated preimages of the critical point for which a certain ball can 
be pulled back conformally (Lemma llOp . This estimate is done using one of 
the main results of [RLSIO] : For a backward contracting map the diameter 
of pull-backs decreases at a super-polynomial rate. 
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2. Preliminaries 



We endow C with its norm distance, and for a bounded subset W of C 
we denote by diam(VF) the diameter of W. Moreover, for 6 > and for a 
point z of C, we denote by B{z, 5) the ball of C centered at z and of radius d. 

A topological disk is an open subset of C homeomorphic to the unit disk, 
and that is not equal to C. We endow such a set with its hyperbolic metric. 
liV and V' are topological disks such that V C V, we denote by mod(y; V') 
the supremum of the moduli of all annuli contained mV\V' that enclose V' . 
See for example [Mil061 ICG93] for background. 

Throughout the rest of this paper we fix an integer d > 2, a parameter c 
in C, and put f{z) := z'^ + c. Moreover, we assume is non-periodic and 
recurrent by /; this implies that is in the Julia set of J(/). Given a 
subset V of C, and an integer n > 0, each connected component of 
is called a a pull-back of V by When n > 1, a pull-back of V is critical 
if it contains 0. 

2.1. Backward contraction. In this section we recall the definition of 
"backward contraction" from |RL07] , and compare it with a variant from |LS11] . 



Given tq > 1, the map / is backward contracting with constant tq, if for every 
sufficiently small 6 we have r{5) > tq. Moreover, / is backward contracting 
if r{6) — 7- oo as 5 — 7- 0. 
For each 5 > 0, put 



Clearly, for every 5 > and 6' > 6 we have R{6) > {6/6')R{6'). Moreover, 
for every 6 > and every r in (0,r{6)), we have R{6r) > r. So, if / is 
backward contracting with some constant tq > 1, then for every sufficiently 
small 5 we have R{5) > tq. In particular, if / is backward contracting, 
then R{5) ^ oo as 5 ^ 0. 

Lemma 1. There is a constant po > 1 independent of f and d, such 
that for every 5 > {) satisfying R{6) > Pq, and every 6' in [6/R{6),6), we 
have r{6') > Pq'^6/6' . In particular, if there is Rq > pg such that for every 
sufficiently small 6 > we have R{S) > Rq, then f is backward contract- 
ing with constant p^ Rq. Moreover, f is backward contracting if and only 
if R{S) — > cxD as (5 — )■ oo. 

Proof. Let po > 1 be sufficiently large so that for every pair of topological 
disks U and V such that 





U CV and m.od{V; U) > logpo, 
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we have diam([/) < dist{U,dV). 

Fix (5 > such that R{6) > and 6' in [6/R{6), 6). To prove the lemma 
it suffices to show that for every integer n > 0, and every puh-back W 
of B{pq'^5) by satisfying dist(W, c) < 5', we have diam(Ty) < 5'. We 
proceed by induction in n. When n = 0, we have W = B{pq'^6). If c is 
in B(S), then by the definition of R{S) we have 

diam(Ty) < diam{B{6)) < d/R{6) < 6'. 

Otherwise, by the definition of po we have 

diam(VF) < dist{W,dB{6)) < dist(Ty,c) < 6'. 

This proves the desired assertion when n = 0. Let n > 1 be an in- 
teger such that the desired assertion holds with n replaced by each ele- 
ment of {0, . . . ,n — 1}. Let W he a pull-back of B{pq'^5) by satisfy- 
ing dist(VF, c) < 5'. If the pull-back W of B{5) containing W contains c, 
then 

m^od{W;W) = m^od{B{6);B{p^^8)) = logpo 
so by the definition of R{6) we have 

diam(H^) < diam(iy) < 5/R{5) < 6'. 

So we suppose W does not contain c. If /" is conformal on W, then by the 
definition of po we have 

diam(iy) < dist{W,dW) < dist(iy,c) < 6'. 

It remains to consider the case where is not conformal on M/', so there is m 
in {0, . . . , n — 1} such that f™-{W) contains 0. Then f"^~^^(W) contains c, 
and by definition of R{5) we have 

diam(/™+i(W?)) < 6/R{S) < p^'^5. 

This imphes that /"^"^^(VF) is contained in B{c, Pq'^S), and therefore that f™-{W) 

is contained in B{pq'^6). Using the induction hypothesis, we conclude that diam(VF) < 

6' . This completes the proof of the induction step and of the lemma. □ 

2.2. Nice sets and children. The purpose of this section is to prove a 
general lemma about backward contracting maps that is used in §5.11 to 
prove Theorem [BJ 

A topological disk V containing is a nice set for f if for every integer n > 
1 the set f"'{dV) is disjoint from V. 

For an integer m > 1, and a connected open set V, a pull-back of y 
by Z™' is a child of V, if maps W onto F as a d-to-1 map and W 3 0. 

The following lemma is a more precise version of jRLSlOt Lemma 3.15], 
with the same proof. 
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Lemma 2. Suppose f is backward contracting. Then for every s > there 
is 6o > 0, such that for every 6 in (0, 6o] there is a nice set V for f satisfy- 
ing B{5/2) <zV <Z B{6), and such that 

^ diam(/(y))^ < (1 - {Ri^r'Sy . 

Y: child of V 

Proof. Let A > be sufficiently large so that for every pair of topological 
discs Y and Y' satisfying 

y' C y and mod(y; Y') > X/d, 

we have diam(y') < diam(y)/2, see for example |McM94t Theorem 2.1]. In 
view of |RLS10( Lemma 3.13], for every sufficiently small 6 > there is a 
A-nice set V for / such that B{5/2) d V <Z B{5). We prove the desired 
assertion hold for this choice of V. 

For each integer k > 1, let yfc be the A;-th smallest child of V and let Sk be 
the integer such that f^^{Yk) = V. By the backward contracting property, 
we have diam(/(yi)) < R{5y^5. Note that for each A: > 1 the set f^^{Yk+i) 
is contained in a return domain of V, so mod(y; /^^(Yfe+i)) > A. By the 
definition of child, the map : y^ — )• F is d-to-1, thus mod(yA;; Y^+i) > A/d 
and therefore diam(Y^-|„i) < diam(yfc)/2. The conclusion of the lemma 
follows. □ 

3. A priori BOUNDS AND BACKWARD CONTRACTION 

In this section we derive Theorem lAl from Theorem IbI To do so, we ffist 
establish a sufficient criterion for a unicritical map having a priori bounds 
to be backward contracting (Theorem [1] below) . 

In the following theorem we summarize and complement results in [LSlOj 
ILSllj . when restricted to unicritical maps. We state it in a stronger form 
than what is needed for this section. 

Theorem 1. For each r > there is a constant r] > 1, such that if f has a 
priori bounds with constant t, then the following properties hold. 

1. Let Rq > 1 be such that for every sufficiently large n we have either 

\Dr{c)\ > vRo, or min |Z)r(C)| > Mo)'/'- 

Ce/-"(0) 

Then for every sufficiently small 5 > we have R{5) > Rq. 

2. For each t > 0, the sum Yln=o \-^f^i'^)\~^ ^-^ finite if and only 
^fJZm-' f ^sfimte. 

When \Df'^{c)\ is eventually bounded from below by tiRq, part 1 is given 
by (the proof of) [LSlOl Theorem A]. Part 2 is a direct consequence of 
part 1 and [LSIH Theorems 1.3 and 1.4], together with Lemma[T]and |RL07t 
Corollary 8.3]. 

To prove this theorem, we shall use the following variation of the Koebe 
distortion theorem. 
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Lemma 3. For each tq > there is a constant dm > 1, such that for every 
pair of topological disks V and V containing 0, and satisfying 

W CV and mod{V; V) > tq, 

the following property holds. Let s > 1 be a integer such that /^(O) is 
in V' , and such that f^~^ maps a neighborhood W of c conformally onto V . 
Moreover, let W be the pull-back of V by f^~^ contained in W , and let C, 
in /~*(0) be such that f{C) is in W' . Then we have 

diam(VF') < C&max{\Df{c)\,\Df%0\''y'dmm{f{V')). 

Proof. By Koebe distortion theorem there is a constant Ki > 1 that only 
depends on tq, such that the distortion of /*~^ on W is bounded by Ki. 
We thus have, 

diam(l^') < Ki\D f'~\c)\-^ diam{V') 

= K,\Dfic)\-'\Df{f'-\c))\ diam(F')- 

Since \Df{f'-^c))\ = d\f'-^{c)\'^-^ < ddiam{VY-\ we obtain 
(1) 

diam(VF') < dKi\Df'{c)\~^ dmm{V'f < d2'^ Ki\D f {c)\-^ diam(/(1/'))- 

On the other hand, we have \Df'~^{f{C))\ < Ki\D f'-^{c)\. Using the 
formula of /, we obtain 

(2) \Df%0\<K,{mr-\c)\Y-'\Df%c)\. 

Using Koebe distortion theorem and the formula of / again, we obtain 

\f'-\c)\ > K^'\Df^-\f{C))\ • 1/(0 - c| = {dK2r'\Df^{0\ . Id, 

where K2 > 1 is a constant depending only on tq. Together with we 
obtain \Df' {Ol"^ < d"^'^ K'^\Df'{c)\, where K = max{Ki, i^a}- Combined 
with ([1]), this implies the desired inequality with C@ = {2d)'^K'^~^^ . □ 

For each topological disk V containing 0, put 

M+{V) := mi{\Dr{c)\ : n > l,r(0) G V} , 

M„(y) := inf { |Z)r(C)|'^ : n > 1, C G /"(C) = o} , 

and 

M{V) :=max{M+(y),M_(y)}. 

Lemma 4. For every constant tq > there is a constant C\ > such that 
the following property holds. Let V and V be topological disks containing 0, 
such that V C V, mod(y; V) > tq, and such that every critical pull-back 
ofV is contained in V' . Then for every critical pull-back U' ofV', we have 

diam(/(C/')) < aM{Vy^ d\a.ui{f{V')). 
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Proof. Let C7@ be the constant given by Lemma [3l Let n > 1 be an integer 
such that /"(O) is in V', and let U (resp. U') be the pull-back of V (resp. V) 
by /" containing 0. It suffices to consider the case that U is not contained 
in any critical pull-back of V. In this case we claim that /" : C/ — >■ F is 
d-to-1. Otherwise, there would exist m in {1, . . . ,n — 1} such that f^{U) 
contains 0. This implies that f"^{U) is contained in the pull-back of V 
by J""™- containing 0, which is contained in V' . Thus f"^{U) is contained 
in V' , and therefore U is contained in the pull-back of V' by /™ containing 0. 
We thus obtain a contradiction that shows that /" : C/ ^ F is d-to-l. Then 
the lemma follows from Lemma [3] with C\ = C@. □ 

Given a topological disk V, a point x of V, and A > 0, denote by Bv{x, A) 
the ball for the hyperbolic metric of V centered at x and of radius A. By 
Koebe distortion theorem, for every A > there is ^ > 1 such that for every 
topological disk V, and every x in V, we have 

sup \z — x\ < inf |z — xj. 

Proof of Theorem [Jl As mentioned above, part 2 is a direct consequence of 
part 1, and the combination of [LSlll Theorems 1.3 and 1.4], Lemma [H 
and [RlOTl Corohary 8.3]. 

To prove part 1, note that for 5 > the number mod{B(6); B(6/2)) is 
independent of 5; denote it by ti. On the other hand, let r be the constant 
given by the a priori bounds hypothesis. Note that there is a constant A > 
such that if f/ is a topological disk satisfying U C V and mod{V; U) > r, 
then the diameter of U with respect to the hyperbolic metric of V is bounded 
by A. Moreover, the number modiV; Bv{0, A)) is bounded from below by 
a constant tq > that is independent of V. Let C\ be the constant given by 
LemmaHlwith tq replaced by min{ro,Ti}. Let > 1 be the constant defined 
above for this choice of A, and put r] := ACi^,'^. 

Let e > be sufficiently small so that for every topological disk V con- 
taining and satisfying diam(y) < e, we have M{V) > rjRQ. By the a priori 
bounds hypothesis, there is such a topological disk so that in addition for 
every critical pull-back U of V we have U <Z V and mod(l^; U) > r. By 
our choice of A, this implies that U is contained in V' := Bv{0,A). So 
the hypotheses of Lemma [4] are satisfied for these choices of V, and V'. It 
follows that for every critical pull-back U' of V', we have 

diam(/([/')) < CiM{V)-^ dmm{f{V')) < A^^C'^Rq^ diam{f{V')). 

Thus, if we put 6o := mfzedv kl'^, then diam(/(y)) < 2^'^6(), and for every 
critical pull-back U" of B{6q) we have 

diam(/([/")) < i2Ro)-^do. 

This proves R{6o) > 2Rq. 

To complete the proof part 1, for each integer n > 1 put 6n '■= 2~"(5o. We 
prove by induction that for each n we have R{Sn) > 2Rq. The case n = is 



ON POINCARE SERIES OF UNICRITICAL POLYNOMIALS AT THE CRITICAL POINTS 



shown above. Let n > 1 be an integer such that ^ 2i?o > 2. Then 

every critical puh-back B{6n-i) is contained in B{5n)- So by LemmalU for 
every critical pull-back U' of B{5n) we have 

diam(/([/')) < 2CiM{B{6n-i))-^6n < (2i?o)-'<5„. 

This proves R{6n) > 2i?o and completes the proof of the induction step. 
Thus for every n > we have R{Sn) > 2i2o) and therefore for every 5 
in (0, 5o) we have R{6) > Rq. This completes the proof of part 1 and of the 
theorem. □ 

Proof of Theorem HI assuming Theorem B Let ^ denote the conformal mea- 
sure of minimal exponent h = HDhyp(/). Assume by contraction that /x 
has an atom at 0. Then 7^(0, h) < oo, hence for each t > h we have 
V{0,t) < oo. By TheoremE it follows that Y.n=o |^/"(c)r*/^ < oo, hence 
— ?• oo as n — > oo. By Lemma [1] and part 1 of Theorem [H the 
map / is backward contracting. But then, [RLSlOl Proposition 7.3] im- 
plies P(0, /i) = oo. We thus obtain a contradiction that completes the proof 
of the theorem. □ 

4. Convergence of Poincare series implies forward summability 

The purpose of this section is to prove the following proposition, giving 
one of the implications in Theorem [Bj 

Proposition 1. Suppose f satisfies the a priori bounds condition. Then 
for each t > such that 7^(0, t) is finite, the sum X^^i j-D/"(c)|~*/'^ is also 
finite. 

For each 6 > 0, let n(5) be the minimal integer n > 1 such that /"(O) is 
in B{5), let Us denote the pull-back of B{5) by /"("^^ that contains 0, and 
let C((5) be a point of (0) in Us. Clearly, n{5) is non-increasing with 6, 

left continuous, and we have n{6) — ?> oo as 5 — >■ 0. In view of Theorem [H 
Proposition [1] is a direct consequence of the following lemma. 

Lemma 5. There is 5o > such that for each t > there is > such that 
the following property holds: For every 6i and 62 in (0, 60) satisfying 61 < 82, 
and such that n(-) is constant on (5i,52], we have 

m-"" f < c^\Df^^'^\c{S2))\-'. 

The proof of this lemma is after the following one. 

Lemma 6. Assume that f is backward contracting, and for each S > 
let Ws be the pull-back of B{2S) by f"'i^)-^ containing c. Then for every 
sufficiently small 6 we have R{5) > 6/ diain{Ws). 

Proof. Let 5o > be sufficiently small so that for every 6 in (0,5o) we 
have r(5) > 2. It suffices to show that for each 6 in (0,5o), and every 
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integer m > such that /™(c) is in B{6), the pull-back W of B{6) by /™ 
containing c is contained in Ws- Clearly m > n(5) — l, and when m = n{6) — l 
we have W C Ws- If m > n{5), then our hypothesis r(5) > 2 implies 
that f'^(^^~^(W) is contained in B{26). This shows that is contained 
in Ws, as wanted. □ 

Proof of Lemma O By Koebe Distortion Theorem there is a constant K > 1 
such that for every 5 > 0, every integer n > 1, and every pull-back W 
of B(2(5) by /" for which the corresponding pull-back of 5(45) is conformal, 
the distortion of /" on W is bounded by K. Let 5q > he such that the 
conclusion of Lemma [6] holds for every 5 in (0, 5o). Reducing 5q if necessary, 
assume that for each 6 in (0, 45o) we have i?(45) > 4. 

To prove the lemma, let 6i and 62 in (0, (^0) be such that n(-) is constant 
on {61, 62]- Put 

n := n{52) and C := C(^2), 

and note that If'-^c)] = |/"(0)| < dl^'^. Let 6 in (5i,<52], and let Ws 
(resp. be the pull-back of B{26) (resp. 5(45)) by /"'^ containing c. 
We claim that /"~^ is conformal on Ws- Otherwise, we would have n > 2, 
and there would exist m in {1, . . . , n — 1} such that f"^{Ws) contains c. 
However, this implies that 

diain{f"'(Ws)) < A6/R{A6) < 6, 

and therefore that f'^~^{Ws), and hence /"""^(O), is contained in B{6); 
we thus obtain a contradiction with the definition of n = n{6) that proves 
that /"^^ is conformal on Ws- 

Using Koebe distortion theorem and the formula of /, we have 

(3) diamiWs) < K{25f'^\Df--\f{0)\-^ = dK{25fl''\Df^[Q)\-^\C\''-\ 
and 

Id" = 1/(0 - c| < K\Df^-\f{C))\~^\f^-\c)\ 

< K5\''\Df''-\f{C))\-^ = dK6\''\Df^{0\-^\Q\''~\ 

and therefore |C| < dK5\''^\D f'^{Q\--^ . Hence, letting Cj := 2^/'^{dKf, 
by ([3]) we have 

diamiWs) < Ci5i{6/6i)'/^\Df^{CT''. 
Together with Lemma [6l this implies 

R{6)>C^H6/6i)'-'/''\Df^{Of. 
The desired assertion follows with C| = Ct^'^ 7y~i-{*/'^){i-i/'^) d'q^ □ 
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5. Forward summability implies backward summability 

In this section we complete the proof of Theorem [Bj After some estimates 
in §5.11 the proof of Theorem |B] is in §5.2[ 

5.1. Thickened grandchildren. Throughout this section, assume / is back- 
ward contracting, so that R{S) — )• oo as 5 — )• 0, see §2.11 Moreover, fix t > 0, 
put T := 2~'^, and let 6q > he given by Lemma [2] with s = t/d. For every 
integer g > 0, let Vq be given by Lemma [2] with 5 = t'^Sq, so that 

Note that for every g > the set Vg+i is contained in Vq and mod(Vg; Vq+i) 
is bounded from below independently of q. Reducing 5o if necessary, assume 
that for every 5 in (0, 5q\ we have R{5) > 2t~^. 

For each integer q > 0, let AA(g) be the set of all integers n > 1 such 
that /"(O) is in Vq, and such that the pull-back of Vq by /" con- 

taining is a child of Vq. By our choice of 6o, the set Wn{q) is contained 
in B{t'^~^^6o/2), and hence in V^+i; denote by Pnil) the largest integer p > q, 
such that Wn{q) is contained in Vp+i. Then we have 

diam(/(T^„(g))) > rP"(^)+2^o/2. 
Combined with Lemma EJ this implies 

(4) r*-P"('?)/<^ < (1 - 2-*/'^)-^ (2i?(r''<5o)-V''-2)*/'^ . 

Given an integer q > 0, let S{q) be the set of all finite sequences of 
integers (ni, . . . , n^), such that there are integers 

Po ■=q,Pi,---,Pk, 

satisfying the following property: For each i in {1, . . . , A;} the integer rii is 
in J\f{pi-i), and Pi = p„.(pj_i). Note that in this case for each i in {1, . . . , A;} 
we have pi > pi-i + 1. In the situation above, we put P(ni,...,nfc)('?) •= Pk- 
Let q > be an integer. For each k > 1 and n = (ni, . . . , n^) in S{q), put 

|n| := ni + • • • + nj. and fc(n) := k. 

Moreover, let Zn{q) be the set of all points z of /"'"' (0) such that /'"I maps a 
neighborhood of z conformally onto V^+i, and such that in the case k >2, for 
each i in {2, A;} the point /"'="' (z) is in the pull-back of Ip^^^ ^ 

by containing 0. Note that ^Z^[q) < d^^^\ and that Z-a{q) is contained 

™ ^Pn(g)+l- 

The purpose of this section is to prove the following. 
Proposition 2. Suppose f is backward contracting, and put 
C# := 2i+2*/'^d(l - 2-*/'^)-V-2*/<i. 
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Then, for all q >0 sufficiently large we have 



neS{q) z&Zn(q) 

The proof of this proposition is given after the following lemma. 

Lemma 7. Suppose f is backward contracting. Then, for every integer q >0 
and every n in S{q) we have 

Proof. By definition, for each z in Zn{q) the map /'"I maps a neighbor- 
hood U z conformally onto V^+i. Noting that U is contained in ^n{g)+i) 
and hence in B{t''''^^'^^~^^5o), by Schwarz' lemma we have 



Df^-Uz) > ii!!!^£Z^ > 



Since ^Zn{q) < d^^^\ the desired conclusion follows. □ 

In view of Lemma[71 Proposition [2] is a direct consequence of the following 
lemma. 

Lemma 8. Suppose f is backward contracting. Then for every sufficiently 
large q >0 we have 

dHn)^t-p4q)/q < 2l+*/'^ci(l - 2-'/'')-^ {R{t'1So)-'t'^-Y'' ■ 

Proof Put C* := d{l - 2~^/'^)-^2^/'^ and let go > be sufficiently large so 
that for every q > qo we have 

(5) R{t^o) > {2C,f ■ 
For each pair of integers q > and m > 1, put 

Etiq,m) := ^ ^fe(n)^t-Pn(g)/g^ 

ne<S(<7) 
[n|<m 

and 0) := 0. To prove the lemma, it is enough to show that for every 
pair of integers q > qo and m > we have 

(6) Et{q, m) < 2C, (i?(r«5o)" V'^-^)*/'^ . 

We proceed by induction in m. By definition, for every q we have 0) = 
0, so inequality ([6]) holds trivially when m = 0. Let m > 1 be an integer 
and suppose that for every q > qo the inequality ([6]) holds with m replaced 
by m — 1. Let g > (?o be given and note that for every k >2, and every n = 
(rii, 722, • • • ; nk) in S{q), we have 

(n2,...,nfc) &S{pniiq)) and p^n2,...,nk)iPni{q)) = P{ni,...,nk) (9). 
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Conversely, for every integer n in Af{q) , and every k' > 1 and {n'l , ■ ■ ■ , n'y ) 
in S{pn{q))-, we have 



(n,ni,...,nfc,) G 5(g) and P(n,„;,...,„;^,)(g) = P{n'^,...,n'^,){Pn{q))■ 



T\ms, 



Et{q,m)= Yl d(T'-P"^'^y'' + Et{pn{q),m-n) 

n£M{q) 
n<m 

< dr'-P-^'^y" + d Y Et{Pn{q),m-l). 



n<m—l 



Together with and the induction hypothesis, this impUes 
Et{q.m)<C,{R{r'i5^)-\'i-^f'' + d ^ m - 1) 



neAf{q) 
n<m—l 



< a 



neAf{q) 
n<m,—l 



t/d 



Using ([5]), and then ([4]) again, we obtain 



■-tiq^m) < 



(i?(T%)-V''-2)*/% (1 - 2-*/'^)2-*/'^ Y r'-P- 



ieAf{q) 
n<m 



\-l^q-2\t/d 



< 2C* (i?(r%)-V«- ; . 
This completes the proof of the induction step and of the lemma. 



□ 



5.2. Proof of Theorem [B]. The proof of Theorem [B] is at the end of this 
section, after a couple of lemmas. 

Assume / is backward contracting, fix t > HDhyp(J(/)), and consider the 
notation introduced in §5. II for this choice oft. Put 0^(0) := Um=i f~"^i^)i 
and for each z in this set denote by m{z) > 1 the unique integer m > 1 such 
that /""(z) = 0. Note that for every z in O~{0) there is an integer q > 
such that the pull-back of Vq by /''"(^) containing z is conformal. Denote 
by q{z) the least integer q >0 with this property. 

Lemma 9. There is a constant > such that for every z in O~{0) 
satisfying q{z) > 1, and every q in {0, . . . ,q{z) — 1}, there exists n in S{q) 
such that the following hold: 

• m{z) > \n\, and({z) := (z) is in Zn{q), and hence in Vp^(^q)j^i; 

• maps a neighborhood U{z) of z conformally onto ^^(q); 
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• Denoting by Ci^) the unique point in U (z) such that f^i^) l"l (('(z)) = 
0, we have 



iD/-w(^)i>c& D/i«i(c(z)) Dr(^)-\^\{C{z)) 

Proof. The third assertion follows from the first and the second, together 
with Koebe distortion theorem. To prove the first and second assertions, we 
proceed by induction in m{z). Let ^; be a point in 0^(0) such that q{z) > 1 
and m{z) = 1, and let g be in {0, ... , q{z) — l}. Then 1 is in Af{q), and the de- 
sired assertions are easily seen to be satisfied with n = (1). Let m > 2 be an 
integer and suppose the desired assertions are satisfied for every z in O~{0) 
such that q{z) > 1 and m{z) < m — 1, and for every g in {0, . . . ,q{z) — 1}. 
Let z he a point in O~{0) such that q{z) > 1 and m(z) = m, and let q be 
in {0, . . .,q{z) - 1}. Note that f{z) is in O~{0) and m{f{z)) = m{z) - 1. 
If q{J{z)) < q, then the pull-back of Vg by f^i^)-^ containing f(z) is con- 
formal. This implies that m{z) is in J\f{q), and then the desired assertions 
are verified with n = {m{z)). If q{f{z)) > q + 1, then we can apply the 
induction hypothesis with z replaced by f{z); let n' = (n'^, . . . be the 
corresponding element of S{q). If the pull-back of U{f{z)) by / containing z 
is conformal, then the desired assertions arc verified with n = n'. Otherwise, 
n' := m{z) — \n'\ is in M{pn'{q)), and then the desired assertions are verified 
with n = {n[, . . . , n'i^t,n'). □ 

Lemma 10. Assume that f is backward contracting. Then for each q > 
and t > HDhyp( we have 

\Df^('\z)\-' <oo. 

zeo-(o) 
q{z)<q 

Proof. Let /x denote a conformal measure of / of exponent h := HDhyp(/). 
For each z in ©"(O), let B(z) denote the pull-back of Vg+i by /"*(^) that 
contains z. By Koebe distortion theorem, there is a constant C > 1 such 
that for every z in O~(0) satisfying q(z) < q, the distortion of f™-(^) 
on B{z) is bounded by C. Then for every such z we have \Df"'('\z)\ > 
diam(B(2;))*, and by conformality of /j,, we also have 

f,{B{z)) > c-''|Dr(^)(z)rV(n+i)- 

Since for a fixed integer m> 1 the sets {B{z))^^f-m(^Q^ are pairwise disjoint, 
we have 

|Z^r(z)|-*<CV(^,+i)-' E diam{B{z)Y-'^i,{B{z)) 

q{z)<q q{z)<q 

< n(Vq+i)~^ max diam(B(z)y-''. 

z6/-'"(0) 
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diam(5(z))) 



By [RLSlOt Theorem A] , for every /? > the sequence (max^, 

decreases faster than the sequence (m 
ming over m > 1. 

Proof of Theorem \B[ One of the imphcations of the theorem is given by 
Proposition [U To prove the reverse imphcation, fix t > HDhyp(/) such that 



^=1- The proposition follows sum- 

□ 



Y,\Dnc)\-'/''<+oo. 

n=l 

By part 2 of Theorem [1] we have 

oo 



< +00. 



9=0 



Thus, if we denote by C# and C& the constants given by Proposition [2] and 
Lemma [9l respectively, then there is Q > 1 so that 



oo ^ 



Taking Q larger if necessary, assume that for each z In f ^(0) we have Q > 
q{z). For every pair of integers g > and m > 1, put 

\Df^^^\z)\-\ 



Vt{q,m) :-- 



E 



q{z)=q,m(z)<m 



and note that by Lemma fTOl we have 

Q 

C' := sup{Vt{q, m) : m > 1} < oo. 

To prove that P(0, t) is finite, it is enough to prove that for every integer m 
we have 

+00 

(7) Y.^t{q,m)<2C'. 

9=0 

We proceed by induction. By our choice of Q, for each z in /^^(O) we 
have q(z) < Q. So when m = 1 inequality d?]) follows from our definition 
of C. Let m > 2 be an integer and suppose ([7]) holds with m replaced 
by m — 1. Using the notation of Lemma O for each g > Q + 1 we have 



Vtiq,m) 



< C. 



.ng5(g-l)CeZn(g-l) 



C'eci-(o) 

\m{C,')<m—l 



16 



J. RIVERA-LETELIER AND W. SHEN 



So by Proposition [2] we have 

oo 

Vt{q,m) < C#Cg'R{T''-'6o)-'/''J2'Pt{p,m-l). 

p=0 

Summing over q > Q + 1, we obtain by the induction hypothesis 

oo ^ oo 

Vt{q,m)<-Y^Vt{p,m-l)<C'. 

q=Q+l P=0 

Using the definition of C , this implies ([7]). This completes the proof of the 
induction step and of the theorem. □ 
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